Selective entanglement breaking 



Yuma Kinoshita, 1, 2, B Ryo Namiki, 1,2 Takashi Yamamoto, 1, 2 Masato Koashi, 1,2,3 and Nobuyuki Imoto 1,2,3 

Division of Materials Physics, Department of Materials Engineering Science, 
Graduate school of Engineering Science, Osaka University, 

1-3 Machikaneyama, Toyonaka, Osaka 560-8531, Japan 
2 CREST Reserch Team for Photonic Quantum Information, 

4-1-8 Honmachi, Kawaguchi, Saitama 331-0012, Japan 
1 SORST Reserch Team for Interacting Carrier Electronics, 
4-1-8 Honmachi, Kawaguchi, Saitama 331-0012, Japan 
(Dated: February 1, 2008) 

We discuss the cases where local decoherence selectively degrades one type of entanglement more 
than other types. A typical case is called state ordering change, in which two input states with 
different amounts of entanglement undergoes a local decoherence and the state with the larger 
entanglement results in an output state with less entanglement than the other output state. We are 
also interested in a special case where the state with the larger entanglement evolves to a separable 
state while the other output state is still entangled, which we call selective entanglement breaking. 
For three-level or larger systems, it is easy to find examples of the state ordering change and the 
selective entanglement breaking, but for two-level systems it is not trivial whether such situations 
exist. We present a new strategy to construct examples of two-qubit states exhibiting the selective 
entanglement breaking regardless of entanglement measure. We also give a more striking example of 
the selective entanglement breaking in which the less entangled input state has only an infinitesimal 
amount of entanglement. 



PACS numbers: 03.67.Mn, 03.65.Ud, 03.65.Ta 

I. INTRODUCTION 

Quantum entangled states on a composite system are 
vital resources for many quantum information protocols 
and it is important to understand how various en- 
tangled states are affected by decoherence when one of 
the local subsystems is interacted with the environment 
or is transferred over a noisy quantum channel. Here we 
focus on the cases in which the effects of such a local 
quantum operation/channel are different on two differ- 
ent kinds of entanglement. In a typical situation, one 
input state has a large amount of entanglement and the 
other one has very small entanglement, but after apply- 
ing a local quantum channel on one of the systems, the 
entanglement in the former state is completely destroyed 
while the latter state is still entangled. In other words, 
the less entangled state is robust against the noises of the 
quantum channel that severely degrades the other type 
of entanglement. 

When the dimension of Hilbert space for the local sys- 
tem is more than two, namely, for a three-level or larger 
system, such an example is easy to find 0- Since two 
levels (a two-dimensional subspace) are enough to form 
entanglement to another system, and there are different 
pairs of levels to choose, it is easy to imagine a quantum 
channel which completely destroys the coherence between 
a specific pair of levels, while leaving the coherence be- 
tween another pair intact. If, however, the system in 
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question is a qubit (a two-level system) , the problem be- 
comes nontrivial because any entanglement must use the 
whole two-dimensional space. Hence the phenomenon 
of "state ordering change" by local evolution has been 
sought after 0] , in which the amount of entanglement E 
satisfies 

Efa) > E{u> 2 ), E(u>[) < E(uj' 2 ) (1) 

for input states wi,u>2 and the output states lu'j = 
SlI&j] (j — 1,2), where £l = £ <8> I is a local quan- 
tum channel. Ziman and Buzek have found examples of 
such state ordering change for a particular measure E of 
entanglement [2|. 

At this point, one must recall that the ordering be- 
tween two entangled states may depend on the choice 
of the entanglement measure. Eisert and Plenio showed 
that the condition, E'(&\) < E'(u> 2 ) E"(uji) < 
E"(£> 2 ), is not always satisfied from Monte Carlo simu- 
lation (E' , E" are two different entanglement measures) 
Q. That is to say, there exists a pair of states with 
E'{Cji) < E'(uj 2 ) and E"{Cjx) > E"{Cu 2 ). Miranowicz 
and Grudka studied such an ambiguity in the ordering 
in two-qubit states for entanglement measures including 
negativity, concurrence, and relative entropy of entangle- 
ment [3, [fl . Hence a measure-dependent example is not 
enough to ascertain the existence of the state ordering 
change in a local qubit channel. For a definite answer, 
we need to show that Eq. (fl]) holds for any measure of 
entanglement E. 

In this paper, we propose a general strategy to produce 
many examples of two-qubit states and a qubit chan- 
nel showing the state ordering change for any measure 
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of entanglement. In these examples, the output state 
= £l[&i] is separable, namely, the qubit channel de- 
stroys the entanglement in state uii completely but leaves 
behind part of the entanglement in state CJ2, which we call 
"selective entanglement breaking" . We further show that 
a particular example constructed from the above strategy 
exhibits a more striking feature that the channel breaks 
entanglement in Cj\ selectively even when the input state 
u>2 has an infinitesimal amount of entanglement. 

The construction of the paper is as follows. In Sec. [Til 
we give a trivial example of two-qutrit states and a qutrit 
channel showing the selective entanglement breaking. We 
also give precise definitions of the three relevant phenom- 
ena: state ordering change, selective entanglement break- 
ing, and strong selective entanglement breaking. In the 
main part of the paper, Sec. IHIj we present a strategy for 
finding examples of two-qubit states and a qubit channel 
showing the selective entanglement breaking. We also 
construct a specific example and show that it exhibits 
the strong selective entanglement breaking. In Sec. IIV1 
we show there is no selective entanglement breaking for 
two-qubit pure states. In Sec. [V] we consider a family 
of entanglement measures for which the state ordering 
change can be discussed with a strict inequality. Finally 
Sec. |VlJ concludes the paper. 



II. TWO-QUTRIT STATE ORDERING CHANGE 

Let us consider the case where the local system is a 
qutrit, namely, the dimension of the Hilbert space is 
three. We can easily find an example of two-qutrit states 
and a qutrit channel showing the state ordering change. 
Consider two pure states = ^/l/2(|ll) + 1 22) ) and 

IV^) = v^l 00 ) + x/ 1- ?! 11 ) (° < Q < !)■ Suppose that 
the local channel £ applied to the first system is repre- 
sented by Kraus operators (the operator-sum represen- 
tation): £{p) = J2 3 MjpMj, where M = |0> <0j + |1)(1| 
and Mi = |2)(2|. After applying £ L = £ ® 1 to the 
two input states, we obtain a separable state p° ut = 
(| 11) (11 1 + |22)(22|)/2 for the first input state, but the 
second input state remains unaltered, p™* = IV^XV^I- 

In this example, the input state IV'i) can be 
transformed to \if>2) by local operations and clas- 
sical communication (LOCC). One of the parties 
applies a local filter described by Kraus opera- 
tors Ao = |0> <0| + v 7 ! - g|l)(l| + y/q\2){2\ and 
A\ = y/q\l}(l\ + ^/T~~q\2){2\, and classically commu- 
nicate the outcome (0 or 1) to the other party. Then, 
local unitary operations can transform the filtered 
states as yT^ gjll) + ^q\22) — ^00 ) + y T^g]ll) 
and ^|11) + X /T — ^|22> — >y^l 00 } + % /T^|ll). We 
can also transform p™* to /3^ ut by LOCC, since the 
latter is separable. These observations assure that we 
have Etyx) > E(i/j 2 ) and E(p° ut ) < E(p° ut ) for any 
entanglement measure E as long as it satisfies 



(i) Monotonicity under LOCC, LOCC cannot increase 
the entanglement, namely, if the state p AB is trans- 
formed into a AB by LOCC, E{p AB ) > E(a AB ). 

We see that this trivial example shows the state ordering 
change regardless of the choice of entanglement measure, 
which we define formally as 

State ordering change — A local quantum channel 
£l = £ ®T and two input states uj\ and C02 satisfy 

E{ui) > E{u> 2 ), E(E L [Ch]) < E(£ l [lj 2 ]) (2) 

for any entanglement measure E satisfying the mono- 
tonicity under LOCC, and among such measures, there 
exists a measure E' satisfying 

E'{u 1 )> E'{u 2 ), B'(f i [w 1 ])<f7'(f £ [w 2 ]). (3) 

Here we cannot demand the strict inequality to hold 
for any measure, since the property (i) cannot exclude a 
trivial measure which is constant for any state whether 
it is entangled or not. If we are to require the strict 
inequality, we need to restrict the allowed entanglement 
measures, which will be discussed in Sec. |V] 

In the above example of two-qutrit state ordering 
change, the entanglement in the state u)\ is completely 
destroyed by the channel. In this paper, we define such 
cases as follows: 

Selective entanglement breaking — The state ordering 
change occurs with one of the output states being sepa- 
rable. 

Moreover, in the trivial example considered here, the 
entanglement in state \1fj2} is preserved no matter how 
small its entanglement is. This implies that the quantum 
channel selectively destroys the type of entanglement 
held in a state c2>i, while it does not completely destroy 
entanglement held in another state 0J2 even when its 
entanglement of formation jf|, Ef{t2}2), is infinitesimal. 
Here we will define such a phenomenon in the following 
way. 

Strong selective entanglement breaking — A local quan- 
tum channel £l — £ ® X, an input state uj\ , and a se- 
quence of input states {w :/ } :/ =2,3...oo satisfy (a) E(uji) > 
E(Cj2) > E(Cj^) > • • • for any measure E satisfying 
(i), (b) There is a measure E' such that E'(6ji) > 
E'{6j 2 ) and £'(£ L [£i]) < E'(£ l [Cj 3 \) for any j > 2, (c) 
lirrij^oo Ef(tijj) = 0, and (d) is separable. 

In the three-level system considered here or in larger 
systems, the existence of the state ordering change is triv- 
ial, and even the existence of the strong selective entan- 
glement breaking is also trivial as shown above. The next 
section will deal with the nontrivial question for the case 
of a two-level system. 
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III. TWO-QUBIT STATE ORDERING CHANGE 



In this section, we show an example of the selective 
entanglement breaking where the local system is a qubit. 
For two-qutrit system, it was not difficult to find the 
example of the strong selective entanglement breaking. 
This is because for three-level or larger systems we can 
preserve entanglement even if we apply a projector onto 
a two-dimensional subspace. But for a two-level input 
system, we cannot preserve entanglement by nontrivial 
projections. It is thus difficult to find an example of two- 
qubit selective entanglement breaking along the line used 
in the previous section. 

Our strategy to find such an example is as follows. 
First we consider an entangled mixed state p AB and a 
qubit channel £\ with a parameter A representing the 
amount of the noise introduced by the channel. After 
applying the local channel to the input state p AB , we 
calculate the negativity @, § of state £\ ® l(p AB ) as 
a function of A to find the value of A = A scp at which 
the state becomes separable. Next, going back to the 
original state p AB , we apply a local unitary U to the 
first system to produce p$ B = (U ® I)p AB (V"^ ® ft). 
We again calculate the critical value A sop for this state. 
The success of our strategy rests on whether the crit- 
ical value A sep changes depending on the choice of the 
unitary U. Once we find such a dependency, we can con- 
struct an example of the selective entanglement break- 
ing as follows. Without loss of generality, we can as- 
sume that there is a value of A for which £\ ® 1(p{j B ) 
is separable, while the negativity of state £\ ®I(p AB ) 
is strictly positive. Then, we consider an LOCC opera- 
tion £' t with parameter e representing the strength of the 
noise {£' = I®I), and apply it to state p AB to obtain 
p AB = £' e (p AB ). If e is small enough but nonzero, we 
have N(p AB ) < N(p AB ) = N(p^ B ) while the negativity 
l(p AB ) should still be strictly pos- 



>I(p? B )) >Q = N{£ x ®l{p AB )). 



of the new state £ \ $ 
itive, namely, N(£\ 
Hence, for the negativity, the strict inequality is sat- 
isfied (see Fig.l). On the other hand, we can convert p AB 
to p AB by LOCC (U- 1 <g> f followed by £' e ), and we can 
also convert £ x ®T{p AB ) to £\ ®l{p^ B ) by LOCC since 
the latter is separable. Hence, from the monotonicity (i), 
the inequality © holds for any measure E. 

Let us show a specific example using the above strat- 
egy. First we consider a mixed entangled state, 



/5? = -|S+><*h 



-|00><00|, 



(4) 



where |$+) = 072(100)- 
on the first system A, 



1 1 1) ) . Consider a local unitary 



(5) 



which is the rotation around Y axis by 6 — ir/2 on the 
Bloch sphere. Let pf = (U A ® I B )pY{U\ <8>P B ), which is 



N(p) 

A 

1 ■- 

N(p AB ) v. 
N(p*") ■ 



p=£ x ®l(p AB ) 

p=£,®l(p AB ) 




p=€ x ®l(p& B ) 



Noise in the Channel 



FIG. 1: Strategy to find examples of the selective entangfe- 
ment breaking. We use negativity N(p) as an entangfement 
measure, since it is easy to cafcufate. Slight decrease in the de- 
gree of entangfement (the arrow) is done by LOCC, and hence 
the order of the two input states is measure-independent. The 
order of the two output states is aiso measure-independent, 
since one of them is separabie. 



written on the basis { 1 00) , |01), |10), |11)} in the matrix 
form 



Pi 




(6) 



As the local quantum channel applied to system A, we 
take a phase damping channel represented by two Kraus 
operators 



En — 



1 

v / l _ A 



E, = 





Va 



(7) 



where < A < 1. For an input two-qubit state p ln , the 
output of the phase damping channel is given by p out = 
(E <g> I)p in 01 <g> i f ) + (-Ei ® /) p in (E\ ® ft ) . For the two 
input states p 1 " and p™, the output states are calculated 
as 



P°i ut 



I 

) 

3 

V\/l _ A 

2 

-1 



o 



(8) 
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(9) 



4 




N(p2 Ut ) holds for t > 0. Hence the phase damping 
channel with A = Ai and the states pif and p" 1 with 
< t < 2/3 exhibit the selective entanglement breaking. 

In the limit of t — > 0, the state pjf becomes separable. 
But as long as t > 0, the output state is still entan- 
gled, and the state ordering change occurs. Hence the 
particular example here exhibits not only the selective 
entanglement breaking, but also the strong selective en- 
tanglement breaking. 



IV. NO SELECTIVE ENTANGLEMENT 
BREAKING EXISTS FOR TWO-QUBIT PURE 
STATES 



FIG. 2: Example of the selective entanglement breaking. The 
negativities of p° ut , , p^ ut (t = 1/3) are indicated by the 
dotted curve, the dashed curve, and the solid curve, respec- 
tively. 



The negativity for a bipartite state p is defined by 

N(p) = max {0,-2^x4, (10) 

where p m in is the minimum of the eigenvalues of the par- 
tial transpose of state p @, [!]■ For two-qubit states, it 
has the range from (separable) to 1 (maximally entan- 
gled) . The negativity of the two output states p° nt and 
p% ut are 

N(J%*) = ^VT~A, (11) 

N{P2 Ut ) = + A + ^/lO + Gv 7 ! - A-5A), 

(12) 

which are shown in Fig. 2. 

When the noise parameter of the quantum channel 
is A = Ai = -16 + 12^/2 fa 0.97, iV(p§ ut ) = 0, and 
^(p? ut )|A=A 1 = 2(3 - 2V2)/3 w 0.11 > 0. Then we 
decrease -/V^p 1 ") using LOCC. Specifically, we consider 
an operation in which the state is replaced by 1 00) with 
probability e. Applying this operation to p™, we have 

^ = t|* + )(* + | + (l-t)|00)(00|, (13) 

where t = 2(1 — e)/3 < 2/3. Calculating in a similar way, 
we obtain the negativity of the output state as 

N(p° ut ) = tVl~~\. (14) 

The case with t = 1/3 is shown in Fig. 2. 

As explained for the general strategy, E(p™) < E{p™) 
and E(p^ ut ) > E(p2 Ut ) hold for any entanglement mea- 
sure satisfying the monotonicity (i). On the other hand, 
N(pf) < N(p 2 n ) holds for t < 2/3 and iV(pg ut ) > 



In the previous section, we present a specific example 
of selective entanglement breaking in which the two input 
states are mixed states. In fact, we cannot find pure-state 
examples by our strategy. The reason is closely related 
to the following general property of qubit channels: if a 
two-qubit pure entangled state becomes separable after 
one of the qubit passes through a qubit channel, then 
the channel is an entanglement breaking channel [H, [l(| , 
namely, the channel destroys the entanglement of any 
input state. We can prove it as follows. 

Consider a two-qubit pure state \tpm) = a\00) + /3\11), 
where a 2 + (3 2 = 1, and suppose that \ipi n ) becomes sep- 
arable state p se p after the application of a qubit chan- 
nel. Imagine we further apply a local filter, which is 
described by the Kraus operator Mo = /3|0)(0| + a|l)(l|, 
to the second qubit. The state after the successful fil- 
tering, <T scp = (J <g> Mo)p scp (I (g) Mo) j is separable since 
Psep is separable. Now notice that even if we apply the 
local filter first and then apply the one-qubit channel, 
the final state should be the same because they are op- 
erations on different systems. In this case, the state af- 
ter the successful filtering is a maximally entangled state 
•y/l/2(|00) + 1 1 1) ) , which evolves into the separable state 
(T se p after the application of the qubit channel. Hence the 
channel must be an entanglement breaking channel. 

This property of qubit channels immediately tells us 
that there is no selective entanglement breaking with the 
input two-qubit state u>i, which is to be broken, being a 
pure state. Our strategy in Sec. lIIII does not work for pure 
p AB because A SGp is the same for any unitary operation 
U . Although there is no selective entanglement breaking 
for pure two-qubit states, the present argument does not 
exclude the possibility of the state ordering change for 
two pure two-qubit input states. 

For a system with dimension d larger than two, a 
straightforward extension of the above proof shows that 
a local channel is entanglement breaking if a pure en- 
tangled state with full local rank (the marginal density 
operator having rank d) is broken by the channel. This 
leaves the possibility of having the selective entanglement 
breaking of pure states with a small local rank, as in the 
trivial example shown in Sec. [TTJ 
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V. STATE ORDERING CHANGE WITH 
STRICT INEQUALITY 

As discussed in Sec. HJ not all of the entanglement 
measures satisfying the monotonicity (i) fulfill the strict 
inequality ([3]). Here we show that, in the example in 
Sec. Jill the strict inequality ([3|) holds for a wide range 
of measures specified by a set of additional conditions 
which are often considered to be desirable as a measure 
of entanglement. We consider the measures satisfying 
the following properties: 

(i') Monotonicity under LOCC on average, if LOCC 
transforms p AB into a state p AB with probability p t , 
the entanglement does not increase on average, i.e. 
E(p AB )>^ iPi E(p AB ); 

(ii) Vanishing on separable states, E(p AB ) = if p AB is 
separable; 

(ni) Normalization, E(\&)(&\) = 1, where |$) = 
v^dOO) + |H)); 

(iv) Convexity, E(J2 iPl p AB ) < E^GSf 3 ); 

(v) Partial additivity, E{p® n ) = nE(p); 

(vi) Partial continuity, if state p n approaches ip® n 
for large n: (V>® n |/5„|'0 8m ) — > 1 for n — > oo, then 
\E(ip® n ) - E(pn)\/n -»■ 0. 

It is shown that for any measure E satisfying the 
above set of conditions, the following inequality holds 
for any state p [ll|: 



E D (p) < E(p) < E c {p), 



(15) 



where Ejj(p) is the distillable entanglement [lj] and 
Ec(p) is the entanglement cost (l3| . Using this relation, 
we can easily see that E(p^ ut ) > E(p2 Ut ) = since p% ut is 
entangled and any two-qubit entangled state is distillable 
[3, namely, < E D (pf lt ) < £(/5§ ut )- We can also prove 
E(p^) < E(pf) for < t < 0.495 • • • as follows. From 
Eq. P^]). we have 



E(pf) < Ec(pT), E D (pf) < E(pf), 



(16) 



and hence what we need is an upper bound on Ec{p™) 
and a lower bound on Erj(p™). 

The entanglement cost Ec(p) is upper-bounded [HI 
by the entanglement of formation Ef(p) [(j. which can 
be computed through the concurrence C(p) [15| as 



A lower bound of Ed is given [y, [l2| as 



9(P) = 1 + 2l A, log A, < E D (p), 



(21) 



where are the diagonal entries of the matrix form of p 
on a Bell basis. Since is rewritten on a Bell basis as 



/ 5 1 





V 1 1 



(22) 



g(pf) = 1 - if (1/6) (w 0.35). Solving 1 - if (1/6) > 
if [(1 + Vl — ^ 2 )/2] numerically, wc find that 

< 5(/5i n ), (23) 

holds for < t < 0.495 • ■ ■ . From Eqs. mi), fgfy, (|2T|) . 
and (12^1). we obtain 



£(4 n ) < f?(^ n )- 



(24) 



Hence for < t < 0.495 • • • , the strict inequality ([3]) 
holds for the family of entanglement measures satisfying 
the properties (i'), (ii)-(vi). 



VI. CONCLUSION 

We have shown examples of a local qubit channel ex- 
hibiting the selective entanglement breaking and an ex- 
ample with the strong selective entanglement breaking. 
These results imply that even for the system as small as 
a qubit, a quantum channel/operation can have a pref- 
erence over which kind of entanglement to break. In our 
examples, the ordering with respect to entanglement is 
determined by the transformability through LOCC op- 
erations, and hence is defined solely by the property of 
monotonicity. This makes our results independent of the 
choice of the entanglement measure. We have also shown 
that the ordering change with a strict inequality holds for 
a family of measures satisfying a set of plausible condi- 
tions. 



Ef( P ) 
H(p) = -plogp 



H\-(l 



(i 



CHP)% 

p) log(l -p). 



Using this relation, we have 

Ec(pf) < E f (pf) 



(17) 
(18) 

(19) 
(20) 
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